The Misner space is a simplified 2-dimensional model of the 4-dimensional Taub-NUT space that reproduces some of its pathological behaviours. In this paper we provide an explicit base of the topology of the complete Misner space R 2 1 /boost. Besides we prove that some parts of this space, that behave like topological boundaries, are equivalent to the g-boundaries of the Misner space.
Introduction
The Taub-NUT space-time is a spatially homogenous vacuum solution to the Einstein equations that displays many strange behaviours. In order to understand some of its pathologies C.W. Misner introduced in a seminar entitled Taub-NUT space as a counterexample to almost anything [14] , a simpler 2-dimensional model, the so-called Misner space. This space-time has still some strange behaviours that have been carefully studied in [8, 17] , and besides, it has been used as a toy-model for different purposes like big bounce models [1, 9] .
The geometrical and topological properties of Misner space can be derived by constructing it in terms of the quotient space R extension C of M , that we will refer to as the extended Misner space. This extension partially solves the geodesic incompleteness problem of M . However, as we will see, it is not possible to extend C further to completely solve the the geodesic incompleteness.
General facts about the Misner space
The Lorentz group O1,1(R) is formed by the linear maps H : R 2 → R 2 , which preserve the Minkowski product P 1 , P 2 = −T 1 T 2 + X 1 X 2 . The subgroup composed by the space-orientation preserving and the time-orientation preserving maps is called special orthochronous Lorentz group:
where v θ = tanh θ is the velocity of one inertial frame with respect to another one, θ can be interpreted as the rapidity [12] and, as usual,
The boosts matrices H θ satisfy the following:
Properties. 
P.1 As
If θ 0 > 0 then G θ 0 = H θ 0 is an infinite cyclic group, and for every P = (T, X) = (0, 0), the orbit G θ 0 (P ) is an infinite countable set. This action over Di is properly discontinuous and free. In particular, if P 0 = (T 0 , ±T 0 ) ∈ Di, then:
P n = (H θ 0 ) n (P ) = H nθ 0 (P ) = (T 0 e ±nθ 0 , ±T 0 e ±nθ 0 )
Thus, for forward iterations, the points over the diagonal {T = −X} accumulate over the origin exponentially while the points over the diagonal {T = X} grow to infinity exponentially. By using the exponential map exp : R → R + , x → e x = |T 0 |, it is clear that each of the quotient spaces
Notice that the light-like circle {z = 0} ⊂ C + corresponds to D1/G θ 0 . On the other hand, the metric in the extended Misner space C
− + 2dϑ−dz , (z, ϑ−) ∈ R × (R/mod 2θ 0 ) where
In this case the light-like circle {z = 0} ⊂ C − corresponds to D2/G θ 0 .
From now on, let us focus on C + . The light-like geodesics γ ± can be expressed in the {z, ϑ + } -coordinates to give the future directed (ż > 0) light-like geodesics γ ± of M − passing through z 0 = −|z 0 | < 0:
Similarly, the future directed light-like geodesics δ ± of H + passing through z 0 > 0 are:
where notice that now sgn(ż) = ±1. Clearly γ+ and δ+ can be extended to τ ∈ R, in fact, they can be glued together through its limit point at the z = 0 level. However the geodesics γ− and δ− cannot be extended and remain incomplete. Notice thatθ+ ≤ for all the geodesics.
We see that we have partially solved our "pathology" as we have managed to "unwrap" γ+ and δ+, but we have "wrapped twice" γ− and δ−. The z 0 = 0 case has to be studied separately:
The future directed light-like geodesics with z 0 = 0 are
ρ+ is exactly the complete γ+ and δ+ glued through their limit point, while ρ− is incomplete, remains always in the subset S 1 × {0} and verifiesθ− < 0 (as well as γ− and δ−). Furthermore it verifies a quite astonishing property. For a given τ 0 if we define a τ k for every k ∈ Z such that:
then we have that for every k ∈ Z:
Hence the curve passes infinitely many times through the same point ρ+(τ 0 ) but with "longer" tangent vector (but notice that its modulus remains constant and equal to zero!).
For the {t, ϑ−} extended coordinates we have analogous results, although now the roles of each pair of geodesics are exchanged, and of course, we have to consider H − and η ± instead of H + and δ ± (see figure 2 ). Besides, this construction can be used to obtain an incomplete compact spacetime [10, page 77] by gluing a positive slice {z = cte+} and a negative one {z = cte−} with a suitable deformation, obtaining a torus with the {z = 0} slice in it.
We see then that we have two inequivalent inextensible extensions of M − , however they both turn out to be again incomplete. Once at that point we should try to understand why this happens and if it is possible to find an even better coordinate system to solve the pathology completely. Notice that in order to extend the space-time M − , we have followed the incomplete geodesics and we have defined a new coordinate to extend them, so one might wonder if we can do the same over the extensions C ± and find where the wrapped geodesics go. It is not hard to believe that they go to the upper cone (isometric to the lower one under the mapping t → −t, see figure in section 3) but if we apply the same technique to solve the double wrapped geodesics, we will find that the already "straight" ones, become wrapped again. Actually, as we mentioned before, no further extension exists and here is where topology will turn out to be essential to understand why the pathological behaviour appears in the first place and why we can partially, but not completely, get rid off it. 
Topology induced by the discrete hyperbolic rotation
We will now provide a local base for the topology of the complete Misner space R 2 1 /boost. To this end we are going to consider some local base of R 2 and saturate their open sets to obtain a base of the quotient topology (see A.13). § ¦ ¤ ¥ P ∈ Qi In local hyperbolic coordinates P ∈ Qi ⊂ R 2 can be written as (r 0 , ψ 0 ). Let us define B1(P, ε) = {(r, ψ) ∈ Qi : r ∈ (r 0 − ε, r 0 + ε) ψ ∈ (ψ 0 − ε, ψ 0 + ε)} Using P.1-P.4, we have
In order to saturate, we have to join all these possible images (see remark A.12):
Finally we consider the local base β(P ) = {B1(P, ε)} ε∈(0,ε P ) for every P ∈ Qi with ε P > 0 small enough such that B1(P, ε) does not contain two related points (hence the union is disjoint). If we now look at the glued space, we have simply an open "squared" ball over the cone.
(analogously for the remaining Di just changing some signs), we define
we have H nθ 0 B2(P, ε, ε ) = B2 H nθ 0 (P ), εe nθ 0 , ε and then
Finally we take the local base β(P ) = {B2(P, ε, ε )} ε∈(0,ε P ),ε >0 with ε P small enough such that B2(P, ε, ε ) does not contain the origin and does not contain two related points.
As the ball B = B2(P, ε, ε ) is a bunch of (finite piece of) light-like geodesics each one having a piece over Q4, a piece over Q2, and a point over the diagonal D3, hence over the glued space we have a bunch of geodesics each having a piece over M + , a piece over H + and a point over D3. Therefore given a point q ∈ Di, any basic open neighbourhood U over the glued space is an open interval over Di, together with two "thickened" geodesics (similar to γ ± ), each one turning infinitely many times around the corresponding adjacent cone, where the direction of rotation is determined by the evolution of the geodesics over the universal cover as we explain in section 3.
Using again P.1-P.4 we obtain:
Saturating it, we obtain the region in between the four branches of the hyperbolas H + εe −θ 0 and H − εe −θ 0 (pushing the lines to infinity):
Each branch of the hyperbola correspond to a "straight" circle over each cone ({t = cte} in the Misner space). Taking all the hyperbolas with r ∈ (0, εe −θ 0 ) gives simply an annulus around the apex on each cone. The r = 0 case correspond to the diagonals, which in the glued space are the four circles plus the conic center. Hence a basic open neighbourhood of the origin is the point itself, the four circles and four annulus of "length" εe −θ 0 on each cone.
Topological properties of the extended quotient
As every point has a countable base, the space Y θ 0 = R 2 /G θ 0 is a first-countable space, indeed we can consider just the points with rational coordinates and we obtain that the space is in fact secondcountable. When we restrict the action to one of the semi-planes S ± = {T < ±X} we obtain a smooth Hausdorff manifold, but whenever we extend the action including two adjacent semi-diagonals, we have that it is no longer Hausdorff, as can be seen taking (saturated) basic open sets U ∈ β(x) and V ∈ β(y) with x ∈ D4 and y ∈ D3. If we consider two points of the same diagonal without the origin, we can choose small enough neighbourhoods such that they do not overlap.
Moreover, as we see on the last image of the previous section, the origin cannot be separated from any point of the circles Di as they are contained in any open neighbourhood of the origin. Let us then study which separation axioms does the quotient spaces verify (see section A.1):
Proposition 2.2.
The quotient space
3. The quotient spaces C
Proof.
The only tricky statement is the last one. First notice that removing the origin we have a T1 space, so we might expect that the origin fails to be closed, but surprisingly it is closed. However for every x ∈ Di we have that {x} c is not open. If we regard the universal cover, we see that the problem lies on the fact that the equivalence class [x] of x ∈ Di is a countable set that accumulates over the origin but that does not contain it, so [x] is not closed in R 2 (but it is closed in R 2 \ {0}, where it has no accumulation point). On the other hand, the equivalence class of the origin is just a point [0] = {0} which is closed over the plane (this is a general result for quotient topologies).
Problems with the extension of the group action
The statements made in the preceding sections allow us to know why the action group does not work nicely over some regions (see definition B.2 on appendix B). The action over the whole plane without the origin R 2 \ {0} is free and verifies P D1, but it fails to satisfy P D2. Here we see perfectly why the apparently weird property P D2 is required in order to ensure that the resultant manifold is Hausdorff. If we consider the action over the whole plane, we will not obtain a smooth manifold as the origin is a fixed point of H θ 0 , in fact the action is neither free nor P D2, and hence we will obtain a non-smooth non-Hausdorff manifold (known as non-Hausdorff orbifold).
Remark 2.3.
The continuation over M + of any geodesic of M − going through the origin, is not univocally determined as it can be broken at the origin. In fact two different geodesics in M − may merge into one over M + . Despite this pathology, we have a natural way of assigning the continuation, namely, following the straight line over the universal cover.
Further Considerations about the whole Misner Space
Some behaviours of the Misner space can be illustrated in the following figure (compare with fig. 2 ).
In this figure we see, for instance, why the character of the coordinates (z, ϑ ± ) is exchanged depending on the sign of the z-coordinate in the extended Misner space C ± . It is also important to notice that the spinning happens in the specific sense it does depending on the direction of the corresponding geodesic over the universal cover.
Summarizing, if we reach the apex turning infinitely many times, we will "jump" to the adjacent circle (the right one for the clockwise and the left one for the counterclockwise with respect to the origin), touch it at exactly one point and "jump" again to the next quadrant, according to the rules described by the arrows shown in the previous figure. The other possibility is reaching the apex without turning infinitely many times, which means that over the universal cover we have not crossed any semi-diagonal, hence the geodesic crosses through the origin. The time-like geodesics through the origin must go from Q1 to Q4. Over the glued space they are world lines that reach the apex of M − without turning infinitely many times, "jump" to the origin and "jump" again to M + . The light-like geodesics through the origin are precisely the semi-diagonals Di. Over the glued space these geodesics turn on one of the lower circles D1 or D2 infinitely many times but with a finite affine parameter, then "jump" to the origin and finally "jump" again to the opposite circle as the arrows of the figure suggest. The quotations in the word jump come from the fact that according to the topology, no jump exists (such curves are of the form γ = p • γ, a composition of continuous functions -see def. A.7-).
It is worth mentioning that quite often this space is not depicted completely right [1, 9, 11] as the circles Di are missing. Probably this lack of precision is not important for many purposes, but it is of capital importance if we want to understand in detail the Misner space. Remark 3.1. A uniformly accelerated observer over the lateral quadrants Q2 or Q3 follows a hyperbola (through translation we may consider that it has the semi-diagonals as its asymptotes). As this kind of hyperbolas over those quadrants are the time-like circles S 1 × {x = cte} over the lateral cones, those observers describe closed time-like curves over the glued space.
Tangency point
Any inertial observer over the lateral cones will eventually jump to the upper cone in the same way that any observer in the Minkowski space-time that does not pass through the origin will eventually reach the semi-diagonals {T = |X|}, hence the only way that an observer can remain on the lateral cylinders is by experiencing a perpetual acceleration. Besides notice that all the time-like geodesics that do not cross the origin will be tangent to some hyperbola Hr over the lateral quadrants (the slope of these hyperbolas tend to ±1). Computing the intersection between the geodesic and a generic hyperbola Hr, and imposing the tangency condition, gives that the maximum hyperbolic radius (and hence the "lateral height") attained in the lateral cones is:
Over the upper and lower quadrants, it crosses every possible hyperbola and hence over the cones it goes from t → −∞ and goes to t → +∞ (where the t coordinate is defined separately over each cone). It is interesting also to describe what would happen over the extended space C + : the time-like geodesic will turn finitely many times around the lower semi-cylinder, cross the {z = 0} level set, turn finitely many times until the maximum of the z coordinate is reached. From this point on, the geodesic falls again towards {z = 0} but now turning infinitely many times. Notice in particular that the geodesic is incomplete as C + is formed gluing M − and H + through the circle D1, but not the upper cone M + .
g-boundary
The results presented in the previous sections show that some parts of the extended Misner space, namely the circles Di and the origin, behave somehow like boundaries of the "adjacent cones" in the sense that every incomplete geodesic of the cones has a limit point that is over the circles or in the origin. The behaviour of these sets resembles that of the g-boundary introduced by Hawking [7] and Geroch [3] . Therefore it is worth to compute the g-boundary of M − and see if, as expected, we recover the two adjacent circles and the origin obtained with the quotient topology.
The construction of the g-boundary provides a way to build, and glue properly, a boundary ∂gM to an incomplete semiriemannian manifold (M, g). The idea is quite tricky as this completion has to be done just making reference to the manifold itself to define something that will be "outside" of it. It is important to notice that the same manifold space M can have different g-boundaries (end-points of the incomplete geodesics regarded in the ambient space) depending on the metric. For instance consider the unitary disk D ⊂ R 2 :
• If we use the Euclidean metric, all the geodesics are incomplete and the boundary ∂gD is S 1 .
• If we consider it to be the Poincaré's disk with the hyperbolic metric, then all the geodesics are complete and hence the boundary ∂gD is empty.
• If we consider the topological disk as the whole sphere without the north pole
with the round metric, we see that the boundary ∂g(S 2 \{p N }) is just a point. Now S 2 \{p N } and the round metric can be pulled-back to the unitary disk through the stereographic projection M → R 2 followed by a contraction R 2 → D. Hence, with this particular metric, ∂gD is just one point. Now we proceed with a quick review of Geroch's method to build the g-boundary.
Short review of the construction of the g-boundary
Let (M, g) be a semiriemannian manifold and
By geodesic we understand a standard geodesic (not just pregeodesic) defined over I = [0, b) with b ∈ R + ∪ {∞}. With this notation, the complete geodesics are the "forward complete" geodesics. The reason for doing this is that we can then bijectively associate the geodesics with the reduced tangent bundle G. We now define the function:
such that ϕ(p, v) is the total affine length (in the forward direction) of the corresponding geodesic γ (p,v) . Clearly ϕ is infinite if and only if the geodesic in question is complete. We now define the sets:
G I is formed by the incomplete geodesics, H is the set of all possible geodesics and all possible affine parameters, while H+ restricts the possible affine parameters to those ones where the geodesic is well defined. Therefore we have a well defined map:
We
where N H (x) = {W ⊂ H / open with x ∈ W } is the set of open neighbourhoods of x in H. The idea behind the definition of S(U ) is that if U is "attached to the boundary of M " 1 , then S(U ) is formed by the geodesics γ = (p, v) such that γ itself and all close enough geodesics finish their tour on U (and hence close to the "boundary of M "). The next proposition gathers some important properties whose proof can be found in [3] :
Properties.
S(M ) = G I

S(U1) ∩ S(U2) = S(U1 ∩ U2)
4.3. If U has compact closure and is sufficiently small, then S(U ) = ∅ i.e. if U is not "attached to the boundary" then the "end" of the incomplete geodesics lies outside U .
The first two properties imply that β = {S(U ) / U open in M } is a base of a topology over G I (the one formed with all possible unions that we denote T β ). The topology T β allow us to define the following equivalence relation:
Definitions.
4.4 Two points γ1, γ2 ∈ G I are equivalent (γ1 ∼ γ2) if for every U1 ∈ N T β (γ1) we have γ2 ∈ U1 and for every U2 ∈ N T β (γ2) we have γ1 ∈ U2.
The set ∂ of all equivalence classes [γ]
, with the quotient topology over G I , is called g-boundary:
We will denote by π the quotient map π :
4.6 We define the completed manifold M = M ∂ (where we use to remark that ∂ is an abstract set formed by equivalence classes, so A B will mean A ⊂ M and B ⊂ ∂).
A subset U Γ is said to be open in M if U ⊂ M and Γ ⊂ ∂ are open sets in M and ∂ respectively, and π −1 (Γ) ⊂ S(U ).
The equivalence class relates geodesics that intuitively have the same "end-point", and hence ∂ is somehow the set of end-points of the incomplete geodesics. The last definition (which indeed defines a base of a topology) tells us how the abstract boundary ∂ is attached to the original space M , it demands the open set Γ to be formed by end-points of incomplete geodesics that get into U and remain there until the end of their parameters.
g-boundary of the Misner space
In this section we will apply the construction of the g-boundary to the Misner space M − and study how the resulting topology is related with the quotient topology obtained in Section 2.2. Notice that, up to some signs, we can work on any cone, so to simplify the notation we will consider from now on M + . Actually we are going to work in the Minkowski upper quadrant Q4 with (t, x) coordinates and prove that its g-boundary is, precisely, ∂Q4 = {(|x|, x) / x ∈ R}. The proof considering the identification goes with slightly change as we will see. The idea of the proof relies on the fact that we are working with some coordinates that cover not only Q4 but the whole R 2 . This allows us to "give explicit coordinates" to the end points.
The geodesics of the Minkowski space-time are straight-lines γ (p,v) (τ ) = p + τ v and, in Q4, the incomplete ones are those that hit the semidiagonals D = {(|x|, x) / x ∈ R} when moving forward. The picture on the right shows that a geodesic is incomplete if and only if its velocity vector v points towards D i.e. v / ∈ Q4 (remember that we consider only what happens for positive values of the parameter). Therefore:
The quotes recall that there exists yet no boundary! However, if we have in mind the examples of the beginning of this section, the quoted ideas work pretty well. (p, v) = ((t, x), (v t , v x ) ) ∈ G I we want to obtain ϕ(p, v) the length of the parameter and also ξ(p, v), the x-coordinate of the hit point. Studying the different possibilities (when it hits the right semidiagonal, the left one or the origin) it is not hard to obtain:
Now for a given initial data
tv x − xv t εv x − v t where ε := sign(tv x − xv t ) ∈ {−1, 0, 1} tells us where the geodesic hits: −1 for the left semidiagonal, 1 for the right one and 0 for the origin. Notice that the denominator never vanishes as v / ∈ Q 4 .
At this point we have to compute the sets S(U ) for any given open U , but it will be enough to focus on the boxes of Q4 of side 2s around a point (t, x) ∈ R 2 i.e. B((t, x), s) := [I(t, s) × I(x, s)] ∩ Q4 where I(x, δ) = (x − δ, x + δ). According to property 4.3, if we consider a point p = (t, x) / ∈ D, then S(B(p, s)) = ∅ for s small enough. For bigger s, S (B(p, s) ) turns out to be the same as if we consider the balls B(p , s ) and B(p , s ) where p = (x , x ) and p = (−x , x ) are the projections of p over the semidiagonals D and s , s (possibly zero) are given by the intersection of B(p, s) with D. Hence we must focus on points p = (|x|, x) and we will simply denote B(x, s) = B((|x|, x), s) = I(|x|, s)×I(x, s).
The following lemma allows us to control the affine parameter ϕ of two close incomplete geodesics.
Lemma 4.8. Let (p, v) ∈ G I with associated ϕ = ϕ(p, v) and let us consider another incomplete geodesic (p , v ) ∈ G I with ϕ = ϕ(p , v ) such that |x − x | < δ, |t − t | < δ, |vx − v x | < δ and |vt − v t | < δ for some δ > 0 small, then:
Let us denote x = x + x with | x| < δ and analogously for the rest of the variables. Expanding the expressions involved, we obtain:
If ε = 0 then ξ(p, v) = 0, otherwise ε = ε because we are taking δ small enough such that close geodesics hit the same side. So either way the last term in the numerator is zero. Hence
in the inequality we have used the triangle inequality for the numerator and the reverse triangle inequality for the denominator (where we have also used that δ is small enough such that |ε vx − vt| > |ε vx − vt|).
The previous lemma is very important as it relates the affine parameter of two close geodesics, notice that this difference can be taken as small as we want by making δ small. Now we are going to state a fundamental result that relates the space Q4 with its boundary ∂Q4. It says that the geodesics finishing in an interval of the ∂Q4, are the same that the ones entering and remaining until the end of their parameter into the ball attached to this interval, which geometrically is obvious (but the analytical proof is quite cumbersome). When no confusion is possible, we will omit the variables and write simply ϕ = ϕ(p, v) and ξ = ξ(p, v). Proof. "⊂" Let (p, v) = ((t, x), (vt, vx)) ∈ S(B(x 0 , s)), then by definition, there exists U ∈ N H (p, v, ϕ) such that ψ(U ∩ H+) ⊂ B(x 0 , s). As H = R 6 with the usual topology, we may consider by shrinking U , that there exist δ > 0 and ν > 0 such that:
Let us now check that (p, v) ∈ ξ −1 (I(x 0 , s)), or equivalently that |ξ(p, v) − x 0 | < s:
where πx is the projection over the x coordinate (remember that ψ : H+ → R 2 ) and τ ∈ (0, ϕ) is small to ensure that (p, v, ϕ − τ ) ∈ H+ and ψ(p, v, ϕ − τ ) ∈ B(x 0 , s). Finally notice that the last inequality follows from the fact that
As this inequality holds for every small τ , in particular |ξ −x 0 | ≤ s and it only remains to prove that the equality is not possible. First of all notice that if ε(p, v) = 0, then necessarily x 0 = 0, as we are taking s < |x 0 | whenever x 0 = 0. Hence |ξ − x 0 | = |0 − 0| < s and so we are done. We consider now ε = 0, and let us assume that |ξ − x 0 | = s which implies that ξ = x 0 ± s. The idea is shown on the right picture where we see that we have to take a geodesic of U ∩H+ such that it points outside the interval, and we will see that it cannot stay in B(x 0 , s) until the end of its parameter which is a contradiction. Let us consider:
where ϕ = ϕ(p, v ) and recall that ξ = x 0 ± s. First of all notice that:
The first equation tells us that indeed, taking η small, one geodesic hits the semidiagonal close to the other one, while the second one tells that their affine parameter is the same (the change in the velocity is compensated with the change in the space traversed). If we take 0 < η < δ and |τ | < ν then (p, v , τ ) = (p, v , ϕ − τ ) ∈ U ∩ H+ and so ψ(p, v , ϕ − τ ) ∈ B(x 0 , s) for every valid τ > 0. But let us see that then we obtain a contradiction as this new geodesic will eventually get out of B(x 0 , s):
If (±vx + η) ≤ 0 then we are done as everything is nonnegative and s + ηϕ + τ | ± vx + η| ≥ s + ηϕ > s which is a contradiction. If (±vx + η) > 0 then we take τ = ηϕ k(±vx+η)
with k large enough such that τ < ν, and we obtain again a contradiction.
"⊃" Let (p, v) = ((t, x), (vt, vx)) ∈ ξ −1 (I(x 0 , s)), thus ξ(p, v) = x 0 + λ with |λ| < s. We consider
where δ, n and m will be chosen later on (we take already n big enough such that ν > 0) and besides, if vx = 0 we consider just ν = 1. We have to check now that we can take δ and ν small enough such that ψ(U ∩ H+) ⊂ B(x 0 , s). We consider an arbitrary (p , v , ϕ + µ) ∈ U ∩ H+, thus |t − t | < δ (analogously for the rest of the coordinates), |µ| < ν and 0 < ϕ + µ < ϕ , the last condition coming from the fact that the point belongs to H+.
The last inequality follows if we take δ < s 1+ϕ+µ 1 n . Now we have to prove that if we take δ and ν small enough, then |λ + vxµ| < n−1 n s for every µ such that |µ| < ν and 0 < ϕ + µ < ϕ , hence for every µ ∈ (−min(ϕ, ν), min(ϕ − ϕ, ν)). Notice that it is enough to prove this for every |µ| < ν (if they are the minima we are done, if they are not we have proved it for a wider range than necessary so we are also done), provided that ϕ − ϕ > −ν which is not a problem as the condition |ϕ − ϕ | < ν can be achieved according to lemma 4.8 taking δ small enough.
Summarizing, it only remains to prove that |λ + vxµ| < n−1 n s for every |µ| < ν. As the function is monotonic in µ it is in fact enough to prove the inequality for the extrema of this interval:
where in the inequality we have used that |λ| < n−2 n s (remember that ν > 0) and in the last one we have taken m large enough.
We saw in the previous section that β1 = {S(U ) / U ∈ T } is a base of a topology (where T denotes the usual topology of Q4 ⊂ R 2 ). We can also define β2 = {S(B(x, s)) / x ∈ R, s > 0}. It is clear that for any (p, v) ∈ G I we have that (p, v) ∈ ξ −1 (I(ξ, s)) = S(B(ξ, s)) and so
This fact, together with property 4.2, implies that β2 is also a base of a topology, and we will see in next lemma, that indeed they induce the same topology. Finally let us remark that if we consider the base of Q4 given by β3 = {B = B((t, x), s) / (t, x) ∈ Q4, s < d((t, x), ∂Q4)}, then every S(B) is empty as these open sets are not "attached to the boundary" (here d denotes the Euclidean distance).
Lemma 4.10.
• T β 2 = T β 1
• Let γ1, γ2 ∈ G I , then γ1 ∼ γ2 if and only if ξ(γ1) = ξ(γ2).
Proof.
• As β2 ≤ β1 then T β 2 ≤ T β 1 . If we now consider a basic open set S(U ) ∈ β1 and (p, v) ∈ S(U ), it is enough to prove that there exists some , s) ), let us see that we can take s small enough in such a way that B(ξ, s) ⊂ U , which would imply (p, v) ∈ S(B(ξ, s)) ⊂ S(U ). , v) ) be an open basic set of Q4. As (p, v) ∈ S(U ) then ψ(p, v, ϕ−τ ) ∈ U for every τ small enough, on the other hand (p, v) ∈ S(V ) and so we have also ψ(p, v, ϕ − τ ) ∈ V for every τ small enough making U ∩ V = φ for every V , and hence ξ(p, v) ∈ U . U ⊂ Q4 and ξ(p, v) ∈ ∂Q4. So as we expected, U is attached to the boundary, but apparently it could happen that U ∩ ∂Q4 = {(|ξ(p, v)|, ξ(p, v))}. However by applying the same argument of proposition 4.9, we can prove that |ξ(p, v) − x 0 | = s is not possible, hence we conclude that there should exist a whole interval I(ξ(p, v), s 0 ) in U ∩ ∂Q4 and so B(ξ, s 0 ) ⊂ U .
• The left implication is clear according to the definition. For the other implication let us suppose that r = ξ(β) − ξ(α) > 0, then we consider the open set U = ξ −1 (I(ξ(α), r/2)) ∈ E(α). As |ξ(α) − ξ(β)| = r > r/2 then β / ∈ U and therefore β α.
Notice that if we consider M + (i.e. Q4 with the identification provided by G θ 0 ), then proposition 4.9 is still valid as it is a set equality. In particular, saturating (i.e. considering the union), we have:
Thus the first point of lemma 4.10 is also valid in M + . The second one becomes γ1 ∼ γ2 if and only if sign(ξ(α)) = sign(ξ(γ2)) = 0 ∨ sign(ξ(α)) = sign(ξ(γ2)) = 0 ∧ ln |ξ(γ1)| ≡ ln |ξ(γ2)| mod θ 0 as a consequence of the exponential behaviour of the group action over the semidiagonals.
Lemma 4.11. The g-boundary ∂ of Q4 is homeomorphic to R.
Proof. ξ : G I → R is surjective as the geodesics fill the whole plane, continuous as can be seen from the explicit expression over
, and open as the gradient ∇ξ does not vanish anywhere in G I (it is then a submersion). These three properties imply that ξ is a quotient map. Hence
where ∼ f is the equivalence relation that relates two points x, y if f (x) = f (y). Finally notice that ∼ ξ is precisely ∼ according to the previous lemma, thus:
which completes the proof of the lemma.
In order to take into account the boost identification, we have to define the map ξ : G I → S We now end with the following theorem that connects the results obtained in the first and second part of the paper.
Theorem 4.12.
Q4 is homeomorphic to Q 4 with the usual topology.
Proof.
Let us recall that Q4 = Q4 ∂ and its topology T is given by: U Γ is open over Q4 if U ⊂ Q4 and Γ ⊂ ∂ are open sets and π −1 (Γ) ⊂ S(U ). Now we define:
where α = [(p, v)]. Φ is well defined as ξ(p, v) is the same for every representative (p, v) of α and so it is bijective. Let us prove that it is a homeomorphism.
Let U be an open set contained in Q4, then Φ −1 (U ) = U φ is open as they are both open sets such that π −1 (φ) = φ ⊂ S(U ). If U is not entirely contained in Q4 then we may assume that it is of the form U = B(x, s) ∆(I(x, s)) where ∆ : R → ∂Q4 is given by ∆(x) = (|x|, x). Notice that
that is an open set as they are both open sets in their respective spaces, and they also satisfy π −1 (π(ξ −1 (I(x, s)))) = ξ −1 (I(x, s)) = S(B(x, s)). Notice that the first equality, which is not true in general, holds in this particular case as ξ −1 (A) is always saturated by lemma 4.10. So Φ is continuous.
Let us check that it is also open and hence an homeomorphism. Let U Γ be an open set of Q4, then U and Γ are open sets of Q4 and ∂ respectively and π −1 (Γ) ⊂ S(U ).
If we take some (t, x) ∈ U , as it is open in Q4 then we can find a neighbourhood of (t, x) contained in U and hence in Φ(U Γ). If we consider p = (|x|,
as it is open in ∂Q4 (π is continuous, ξ is open and ∆ is a homeomorphism) and so p ∈ U ∆(I) ⊂ Φ(U Γ). If we prove that U ∆(I) is open over Q 4 we would conclude that Φ(U Γ) is also open. We have for every element (|x |,
, then there exists some (p, v) ∈ S(U ) such that ξ(p, v) = x and by definition there exists A ∈ N H (p, v, ϕ) such that ψ(A ∩ H+) ⊂ U . In particular there are some elements of A of the form
with η > 0. As we proved in proposition 4.9, ϕ = ϕ and ξ(p, v ) = ξ(p, v) ± ηϕ so if η <
The images of these geodesics form a cone with apex p ∈ Q4, and all the geodesics enter U and remain there until the end of their parameter (ϕ for all the geodesics), so they all finish over ∆(I). Hence taking the image of these geodesics inside U and ∆(I) we obtain a truncated open cone which is an open neighbourhood of (|x |, x) in U ∆(I), so this last set is also open and hence Φ is an open map.
Again it follows the analog result when M + = Q4/G θ 0 is considered, where the Φ function is defined similarly, leaving the interior points unchanged and the points of∂ are mapped via the function ξ. This completes the proof of the fact that the g-boundary recovers the boundary and the topology obtained when we consider the quotient of a closed quadrant under the group generated by a discrete boost.
Conclusions
In this paper we have explicitly obtained the quotient topology of the complete Misner space R 2 1 /boost. We find a T0 but not T1 space that is not smooth at the origin, because it is a fixed point under the action of Lorentz boosts. When the origin is removed a T1 but not T2 smooth space is obtained and finally, when just half plane over/under a diagonal is considered, we obtain a T2 smooth manifold. The behaviour of the geodesics with respect to the four circles (obtained by making the identifications over the four open semi-diagonals) strongly resembles to the behaviour of a g-boundary, so we have computed the g-boundary of the Misner space and its associated topology. We have found that indeed there is a natural identification of the g-boundary ∂ of a cone Qi, with the circles and the origin of the complete Misner space, and that the topology of Q4 is the same as the (quotient) topology of Q4 ∪ D3 ∪ D4 ∪ {0}.
Appendices
A Some Topological Results
A.1 Separation axioms
For a given topological space (M, T ) and every p ∈ M we denote N (p) = {U ⊂ M / open s.t. p ∈ U } the set of all open neighbourhoods of p. Sometimes to emphasize we will write N T (p) or, if the topology is obvious from the context, N M (p).
Definitions.
Let M be a topological space, we say that A.1 M is T2 (or Hausdorff) if for every different x, y ∈ M there exist U1 ∈ N (x) and U2 ∈ N (y) such that U1 ∩ U2 = ∅.
A.2 M is T1 if for every different x, y ∈ M there exist U1 ∈ N (x) and U2 ∈ N (y) such that x / ∈ U2 y / ∈ U1
A.3 M is T0 if given two distinct points x, y ∈ M there exists U1 ∈ N (x) such that y / ∈ U1 OR there exists U2 ∈ N (y) such that x / ∈ U2.
Remarks.
A.4 T2 ⇒ T1 ⇒ T0
A.5 A space M is T1 if and only if every one-point set {p} is closed.
A.6 A space M is not T0 if and only if two points have exactly the same neighbourhoods.
A.2 Some results on quotient topologies
Definition A.7.
Given an equivalence relation ∼ over M , we define the quotient topology as the finest topology T over M/∼ such that p : (M, T ) → (M/∼ , T ) is continuous. Such topology is denoted as T /∼ .
In order to work with this topology, it is useful to introduce a more explicit characterization that can be found in almost any book of general topology [18, 15, 13] , but first we need some definitions:
Definitions.
A. 8 We call the saturation of U ⊂ M to S∼[U ] ≡ p −1 (p(U )) where p is the natural projection.
A. 9 We say that a subset U ⊂ M is saturated if S∼[U ] = U .
Lemma A.10.
• p(p Fortunately the equivalence relations that we use in that paper are quite particular in this respect and this problem will not arise.
Definition A.11. Given a homeomorphism f : M → M , we define the f -equivalence relation as:
x ∼ y if and only if there exists some n ∈ Z / y = f n) (x) which can be summarized by saying that x ∼ f n) (x) for every n ∈ Z. G = f = {f n) / n ∈ Z} is a cyclic subgroup of the group Hom(M ) of homeomorphisms of M .
Remark A.12.
The saturation of any open set U is always open as can be seen using the following identity:
where both sides have to be thought as operators acting on the subsets of M .
Finally we can characterize the quotient topology and a base of it in a suitable way for our purposes.
As it is essential for the paper and we have not found any proof of this characterization (for this particular case), we provide a proof in the following lemma.
